A previously introduced method to study many-body electrostatic interactions among spherical particles ͓H. J. H. Clercx and G. Bossis, Phys. Rev. E 48, 2721 ͑1993͔͒ has been used to study yield stresses and shear moduli for simple cubic ͑SC͒, simple hexagonal ͑SH͒, and body-centered tetragonal ͑BCT͒ structures, with polarizable spheres on the lattice sites, to gain insight in the electrostatic response of these structures to externally applied stresses. The shear modulus G and the static yield stress s have been calculated for several ratios of particle to fluid dielectric constant. It turned out that interchain interactions are very weak in SC and SH structures which is confirmed by the nearly linear dependence of G and s ͑even no weak maximum appears in these curves͒. The results reported for the BCT structure are rather unexpected, because both G and s suddenly decrease to zero at large volume fractions. We discuss the data for G and s and compare some of these results with data obtained by employing the dipolar approximation and the Laplacian relaxation technique to calculate the electrostatics. This comparison shows that in general a multipolar approach is indispensable in obtaining correct values for G and ; especially the dipolar approximation underestimates these quantities. As an example the strength of single vs double chains has been compared for both the dipolar approach and a multipolar calculation. In the dipolar approximation the double chain structure seems strongest. However, multipolar calculations show that the single chain structure is stronger than the double chain structure.
͑Received 12 October 1994; accepted 30 August 1995͒
A previously introduced method to study many-body electrostatic interactions among spherical particles ͓H. J. H. Clercx and G. Bossis, Phys. Rev. E 48, 2721 ͑1993͔͒ has been used to study yield stresses and shear moduli for simple cubic ͑SC͒, simple hexagonal ͑SH͒, and body-centered tetragonal ͑BCT͒ structures, with polarizable spheres on the lattice sites, to gain insight in the electrostatic response of these structures to externally applied stresses. The shear modulus G and the static yield stress s have been calculated for several ratios of particle to fluid dielectric constant. It turned out that interchain interactions are very weak in SC and SH structures which is confirmed by the nearly linear dependence of G and s ͑even no weak maximum appears in these curves͒. The results reported for the BCT structure are rather unexpected, because both G and s suddenly decrease to zero at large volume fractions. We discuss the data for G and s and compare some of these results with data obtained by employing the dipolar approximation and the Laplacian relaxation technique to calculate the electrostatics. This comparison shows that in general a multipolar approach is indispensable in obtaining correct values for G and ; especially the dipolar approximation underestimates these quantities. As an example the strength of single vs double chains has been compared for both the dipolar approach and a multipolar calculation. In the dipolar approximation the double chain structure seems strongest. However, multipolar calculations show that the single chain structure is stronger than the double chain structure. © 1995 American Institute of Physics.
I. INTRODUCTION
The study of the properties of electrorheological ͑ER͒ fluids ͑suspensions of highly polarizable particles dispersed in a viscous nonconducting fluid͒, and its behavior under influence of external parameters like the applied electric field or the applied stress has grown considerably in the last decades. Fundamental research, aimed at understanding the physical mechanisms which give these fluids their remarkable properties, and engineering research, for the development of a number of technical applications ͑e.g., shock absorbers and clutches͒, took place. 1, 2 Recent fundamental research mainly concerned the mesoscopic and microscopic structures found in ER or magnetorheological ͑MR͒ fluids, or the rheological properties of these suspensions. We particularly mention the aggregation process and, on larger time scales, the phase separation which has been shown experimentally and studied both theoretically and numerically. [3] [4] [5] [6] [7] [8] Furthermore the microscopic structure of the aggregates arising in ER fluids has been studied. [9] [10] [11] [12] [13] Electrostatic surface effects, which are assumed to be important for small aggregates, have been investigated and it has been shown that these surface effects depend strongly on the internal structure of the aggregates. 14, 15 Besides these basically theoretical studies recent results of dynamic simulations of ER suspensions, appropriate to study the rheological properties of these fluids, have been reported. 16 -19 Bonnecaze and Brady have performed dynamic simulations of a monolayer of dielectric spheres subject to a shear flow, incorporating both electrostatic and hydrodynamic interactions among the particles, to study the effective viscosity of ER fluids as function of the shear rate. 16 Klingenberg, van Swol, and Zukoski have carried out simulations of monolayers to investigate the small shear rate response and the yielding phenomenon, but they considered the low shear rate limit only. 18 They assumed Stokes hydrodynamics and point-dipole electrostatics, and with these simplifications they were able to perform simulations with a large number of particles. Flow-induced structures have also been studied experimentally aimed at understanding the rheology of ER and MR fluids. [20] [21] [22] Phenomena like the small shear rate response of ER fluids, 21 hysteresis effects, or the slow drift of rheological properties 22 have been investigated.
Consider a suspension of polarizable particles in a viscous nonconducting fluid. The dielectric constants of the particles and the ambient fluid are ⑀ p and ⑀ f , respectively. The dielectric mismatch between particles and fluid is assumed to be large ͑␣ϭ⑀ p /⑀ f ӷ1͒, resulting in large polarization forces among the particles when an external electric field is applied. The particles align in fiberlike structures parallel to the external electric field, 7, 23 and the suspension viscosity can increase by several orders of magnitude. This effect is assumed to be a consequence of the combination of structure formation and electrostatic interactions, the latter resulting in strong restoring forces when the fiberlike structures are tilted with respect to the direction of the applied electric field. It is obvious that the steady shear response of these systems is very complicated, but from both experiments 24, 25 and dynamic simulations 16, 18 it seems that the response of ER fluids can reasonably well be modeled by the Bingham constitutive equation. When the applied stress is smaller than some critical stress ͑denoted by the static yield stress s ͒ these fluids behave solidlike, and exceeding s results in flow with finite viscosity ͑viscoplastic behavior͒. The Bingham equation in the case of simple shear flow is
The measured shear stress is expressed in terms of the dynamic yield stress d , the plastic viscosity pl , and the shear rate ␥ . Experiments reveal insensitivity of the plastic viscosity with respect to the applied electric field and is therefore often replaced by the high shear rate viscosity of the same suspension without applied electric field. It has also been shown experimentally that the yield stress increases quadratically with the applied electric or magnetic field ͑e.g., Refs. 21 and 23͒. For more elaborate discussions about stress in nonlinear elastic materials and stress-strain relations we refer to a paper on ER fluids by Bonnecaze and Brady. 17 The process of structure formation in ER fluids is described by Halsey and Toor.
3 They considered two parallel electrodes with a fixed potential difference; initially chains and columns arise between the electrodes. During a relaxation process the columns drift together to complete a phase separation process. In the intermediate stage the chains and columns are more or less regularly spaced, and in the columnar structures the particles are assumed to be regularly packed on a periodic lattice, in agreement with experimental observations of the internal structure of these columns. 10 The actual size of the aggregates ͑columns͒ is large in comparison with the particle radius thus we may assume that the particles inside the aggregates ͑at least several particle diameters from the surface 14 ͒ consider themselves to be on the lattice sites of a periodic array. Based on these observations we propose to study the stress-strain relations for ER fluids using a lattice model with ͑tilted͒ chains on a 2D array. This model has the advantage that electrostatic interactions can properly be accounted for, which we consider as important because they play an essential role in the stress-strain relations of ER fluids, especially when the dielectric mismatch between particles and fluid is large ͑␣ӷ1͒ and particles are touching. Lattice models are often used to study analytically and numerically the rheological properties of ER fluids. 9,13,17,26 -29 Some examples are the studies by Bonnecaze and Brady, who have investigated numerically the shear modulus and the static and dynamic yield stress of chains of spheres on a particular 2D lattice, 17 and by Davis in his study of the shear modulus of chains on a 2D square array with a finite element method ͑FEM͒.
26,27
For completeness we have to mention some drawbacks of such a lattice model. Arrays of nontilted single chains on 2D arrays are unstable with respect to coalescence, and such idealized lattice structures can only be observed experimentally as an intermediate state ͑see Refs. 3, 7͒. This instability is confirmed by light scattering studies by Martin, Odinek, and Halsey, 8 who observed the process of column coalescence ͑see also Halsey and Toor 3 ͒. In line with these experimental results we expect a lower electrostatic energy when the chains are coalesced into columnar structures, but it is unknown yet how shear moduli and yield stresses are modified in comparison with those obtained for the lattice structures consisting of single chains on a 2D array. Some preliminary results for double chains instead of single chains on a 2D array, an intermediate step towards a study of columnar structures, indicated minor changes only. Another instability appears when the lattices are subjected to shear. Consider a single chain which, upon shear, will be elongated ͑and rotated͒ resulting in the appearance of equal sized gaps separating the particles. Such a configuration is unstable against noise and the uniform gaps will phase separate and coalesce into large gaps. Consequently, the model with elongated chains with equal gap sizes seems not very realistic, but the results for shear moduli and yield stresses obtained for double chains, where this kind of instability does not appear because particles remain touching, indicate minor modifications for the shear modulus and yield stress only. Future research should clarify these points, and the results presented in this paper should be considered as a first step in the development of an approach to study more realistic structures for ER fluids. The development of the presented method is finally aimed at a study of shearing and rupture of columnarlike structures on a 2D lattice.
Three lattice structures are considered which are composed of chains of touching spheres. The first structure consists of chains on a 2D square lattice. Introduce the lattice vectors ͕i,j,k͖. For a nonsheared lattice the chains are parallel to the z axis of a coordinate system ͑and to the applied electric field͒. The lattice vector in the chain direction is kϭ2aê z , where a denotes the particle radius, and is the same for the three structures considered in this study. The other two lattice vectors are iϭRê x and jϭRê y . In the limit of close packed volume fractions we obtain then the simple cubic lattice thus we denote it in the sequel simply by SC structure. Another possibility is to put these chains on a 2D hexagonal lattice, resulting in a simple hexagonal ͑SH͒ structure. The remaining lattice vectors are then, iϭRê x and j ϭϪ 2 )Rê y . The third structure is chosen in connection with the recently published results where a bodycentered tetragonal ͑BCT͒ lattice has been proposed for the internal structure of columnar aggregates arising in ER fluids. 9, 10 The BCT lattice is composed of two interpenetrating tetragonal lattices such that one lattice is just displaced by introduced for these three lattices will also be used when the respective lattices are sheared. The deformation of these arrays can be arbitrary, but we restrict ourselves to tilting the lattice vector k, keeping its projection on the z axis constant. All deformations are then volume fraction preserving.
Several approaches to calculate electrostatic interactions among polarizable or conducting spheres are employed in the literature; well known examples are the multipolar expansion ͑interparticle distance as expansion parameter͒ which is used in this study, the so-called dipolar approach which is comparable with a lowest order variant of the multipole expansion technique, lubricationlike techniques with ␦, the gap between nearly touching spheres as expansion parameter ͑see, e.g., Arp and Mason 30 ͒, and the Laplacian relaxation technique as used by Anderson. 29 The latter method also handles multipolar effects, but not in the form of a series expansion. The dipolar approach often provides a good physical insight without going into too much detail, but is insufficient when used in lattice calculations or in studying the response of clusters of touching polarizable particles in an electric field to externally applied stresses. Lubricationlike techniques have the drawback that these are essentially two-particle approaches. Such a method is very powerful when used to study e.g. electrostatic forces between two conducting spheres, 30 but it is not possible to incorporate manybody interactions which give a substantial contribution to, e.g., the electrostatic interparticle forces. 28 Recently Anderson employed the method of Laplacian relaxation which appears to be efficient for touching spheres with large relative polarizabilities, i.e., ␣ӷ1, and conducting spheres, but it seems to produce different results when compared with a multipolar expansion. 29 We will discuss the results of a comparison between both methods at the end of this paper ͑Sec. VII͒. With a multipolar approach one is able to study the effects of electrostatic interactions on the properties of small clusters of spheres including the nonadditivity of these interactions. When applied to lattice structures one ends up with a quasi one-particle approach, and without too many computational efforts it is possible to calculate the dielectric constants for a BCT array of conducting spheres up to ϭ0.69, and for high relative polarizabilities ͑␣ϭ⑀ p /⑀ f ϭ100͒ up to close packed configurations, ϭ2/9Х0.698 ͑see Clercx and Bossis 28 ͒. Electrostatic interparticle forces can also be calculated very accurately, and with a multipolar approach we have recently demonstrated the significance of three-particle contributions to the force functions of touching conductive spheres. This implies the failure of the superposition approximation for forces between nearly touching conducting spheres. 28 This important effect of many body interactions indicates that, in order to have a reliable reference model for the stress-strain behavior of ER or MR fluids, it is better to work with some model lattice which enables one to incorporate many body interactions. The analogous problem of ͑non-additive͒ hydrodynamic interactions in the low Reynolds number limit has also been studied successfully using a similar multipolar expansion technique, [31] [32] [33] and this kind of expansion methods have demonstrated to be more effective then often assumed, and even indispensible when including three-or more particle interactions.
Most of the theory has been presented in two previous papers, 14, 28 thus in Sec. II we restrict ourselves to a short summary of the method. In Sec. III we discuss the relation between the shear stress and the shear modulus G on the one hand and the electrostatic energy density on the other hand. Results for the shear modulus G for several lattice structures are presented in Sec. IV where also a comparison has been made with some results from the literature. In Sec. V we present the results of the stress-strain relations for several lattice structures and focus on the volume fraction dependency of the static yield stress. In Sec. VI we present a preliminary comparison of the shear modulus and static yield stress of a square array of single and double chains. We finish this paper with a discussion and conclusions.
II. ELECTROSTATIC INTERACTIONS IN PERIODIC STRUCTURES
We consider a system of spherical polarizable particles, with radius a and dielectric constant ⑀ p , on the lattice sites of a periodic array. An arbitrary lattice site is designated as the origin of a coordinate system. The z axis of this coordinate system is parallel to the fourfold symmetry axis of the nonsheared SC or BCT array ͑or parallel to the hexagonal symmetry axis of the nonsheared SH array͒. The other lattice sites are indicated by the vector R j with spherical coordinates ͑R j , j , j ͒.
We assume an averaged macroscopic electric field E parallel to the z axis, and our aim is the calculation of the dielectric tensor ⑀ of the three arrays. This tensor is necessary to determine the stress-strain curves from which we can obtain the yield stresses and shear moduli. We use multipole expansion theory, a basic method which is discussed in many textbooks on electrostatics ͑e.g., Ref. 34͒, thus we can restrict ourselves to a short overview of the method. The potentials inside the spheres and in the ambient fluid are expressed in terms of multipole moments and solid spherical harmonics. The multipole moments are independent of particle position ͑translational invariance͒ thus we have to deal with a quasi-one-particle problem. The boundary conditions at the surface of the particles, viz., continuity of the potential and of the normal component of the electric displacement ͑absence of free charges͒, are sufficient to derive a set of linear algebraic equations in terms of the multipole moments. These moments are then determined by solving this set of equations. In our previous paper we have presented an outline how to proceed and introduced the generalized multipole moments A lm Ϯ (lу1,͉m͉рl) which have the following form:
The generalized multipole moments are proportional to the potential field and its derivatives evaluated at the center of a particle due to the external potential and the presence of the other spheres, and are related with the so-called electrostatic Faxén laws. 35 The constants n lm , appearing in Eq. ͑2.1͒ and subsequent equations, are defined by
͑2.2͒
The Q lm are the usual multipole moments and have the following form:
with V the volume of the particle, Y lm ͑,͒ the spherical harmonics, and ͑r͒ the charge density distribution inside the particle. The set of linear equations obtained for the triclinic Bravais lattice, with one sphere per unit cell, is
ϭA pq
The following shorthand notations are used:
͑2.6͒
and X lm;pq
with x j ϭa/R j . The imaginary unit is denoted by i. The function P lm;pq Ϯ j is defined by
.
͑2.9͒
The sum in Eq. ͑2.7͒ is a modified 3D lattice sum which is evaluated with an elegant method based on an Ewald technique to improve the convergence of the lattice sums. This technique was introduced by Nijboer and de Wette some decades ago. 36 This lattice sum contain the following elementary sum:
͑2.10͒
with R j ϭR j /R, the lattice vectors nondimensionalized by the particle separation along the x axis. The lattice sums S 2m are conditionally convergent, and can be determined by either using the method of Nijboer and de Wette 36 or following the approach of McPhedran and McKenzie ͑for cubic arrays͒. 37 The internal field in dipole lattices and the related conditionally convergent lattice sums are also discussed in another paper by Nijboer and de Wette, 38 and our method is consistent with theirs.
We have formulated the set of linear equations for the most general case, the triclinic Bravais lattice with one particle per unit cell. Previous calculations of ⑀ are restricted to cubic lattices [39] [40] [41] or, recently, to the BCT lattice. 28 The main practical difference concerning the calculation of ⑀ between the triclinic lattices and the cubic or tetragonal lattices is the absence of symmetries, except inversion and translation symmetry. For the triclinic arrays all lattice sums with l even have to be calculated ͑inversion symmetry leads to S lm ϭ0 if l is odd͒. Thus in contrast to the cubic lattices or the BCT lattice, where S lm ϭ0 if m is not quadruple, we have to determine all lattice sums with l even and ͉m͉рl ͑for the hexagonal case, S lm ϭ0 when m is not a multiple of six͒. In general these lattice sums are also complex-valued ͑increas-ing the computational cost further͒ in contrast to the sums for cubic or tetragonal arrays which are all real-valued because of the presence of both the lattice sites (R j , j , j ) and
With the multipole technique described above we are able to determine very accurately the induced dipole moment M on the particles in the periodic array, and also the components of the dielectric tensor ⑀. After partial inversion of Eqs. ͑2.4͒ and ͑2.5͒ we obtain a relation between the averaged macroscopic electric field and the induced dipole moment, ␤ 1 a 3 EϭC•M, with C a configuration dependent tensor and ␤ 1 ϭ͑␣Ϫ1͒/͑␣ϩ2͒ ͑see for details, Ref. 28͒. A method already introduced a long time ago by Rayleigh is now used to determine an expression for the dielectric tensor, ⑀ϭ⑀ f ͑I ϩ3␤ 1 C Ϫ1 ͒. 39, 40 For the cubic lattices the tensor C is proportional to the identity tensor and for the BCT lattice C is diagonal, with two principal values. It is obvious that for the triclinic array the components of C, and thus those of the dielectric tensor, are not trivial. Although the expression for ⑀ itself looks simple we have to stress that nevertheless the tensor C is a complicated function of and also structure dependent.
III. THE SHEAR STRESS AND SHEAR MODULUS AS FUNCTION OF THE ELECTROSTATIC ENERGY
For small deformations ER fluids behave solidlike, and a linear relation between the stress and strain ␥ exists. The slope, in the limit of zero strain, is denoted by the shear modulus G. The stress-strain relation becomes strongly nonlinear beyond small deformations and if a particular value of the applied stress, denoted by the static yield stress s , has been exceeded ER fluids behave like a liquid. Larger deformations require less applied stress, thus the system does not relax back to its initial configuration. For a continuous deformation the necessary applied stress is expected to diminish to a plateau value which is generally denoted by the dynamic yield stress d . This plateau value is absent when periodic structures are considered, because the stress-strain relation itself should be periodic too. Alternative methods to assess the dynamic yield stress, like those introduced by Bonnecaze and Brady, 17 should be used then. We consider simple shear strains which are volume fraction preserving. Introduce the electrostatic energy density W͑␥͒ for an arbitrary sheared lattice structure. An infinitesimal increment of deformation results in an infinitesimal change ␦W͑␥͒. The shear stress on the xy plane, parallel with the shear deformation, can be defined as the derivative of the electrostatic energy density relatively to the strain, ϭ(‫ץ‬W/‫.)␥ץ‬ We assume an averaged macroscopic electric field parallel to the z axis, and obtain for W͑␥͒, Ϫ 
The other quantity of interest is the shear modulus G. Its definition is straightforward,
͑3.2͒
In this paper we compare some of our results for the shear modulus with those obtained by Davis who used a slightly different definition of and G. 26 For the shear modulus he introduced GϭG s ϩG r , with G s the stretching component and G r the contribution of the rotation of the induced dipole moment from the chain direction to the z axis. 27 We are especially interested in his expression for G s ,
with dϭ2a/cos , and ϭtan Ϫ1 ␥. This formula for G s , used by Davis in his FEM calculus, is not a priori volume fraction preserving. This condition can be satisfied by reducing the interchain distances when the chains themselves are stretched. This method to calculate the shear modulus is in the sequel denoted by ''stretching method.'' The stretching method, which is computationally efficient as will be explained later on, is good enough to show the general behavior of the shear modulus as function of ␣, but there are some discrepancies with exact results. Another problem is that it cannot take into account the anisotropy in the shear modulus which might arise if a large structural anisotropy exists in two different shear directions. 42 
IV. THE STUDY OF THE SHEAR MODULUS G
We have determined the shear modulus for the SC, SH, and BCT structure with the stretching method of Davis for 0р␣р100, keeping constant by reducing the interchain distance while stretching the chains. The maximum order of the set of linear equations used to determine the dielectric tensor and G s was Lϭ125 ͑for details see Ref. 28͒ . In Table  I we present the data for the shear modulus of the SC structure obtained by the stretching method but with two different numerical techniques; our multipolar development and the finite element method used by Davis. 26 The Fig. 2 we have also plotted our data for G s , divided by the relative dielectric constant of the fluid ⑀ f /⑀ 0 ͑where we used an alternative normalization in order to compare the results properly with those of Davis͒, as function of ␣ and compared them with the results obtained by Davis ͑Eϭ2ϫ10 6 V/m, ⑀ 0 ϭ8.85ϫ10 Ϫ12 F/m, ϭ0.2͒. We see that the results of Davis are not accurate enough, and that his conclusion that G s is a linear function of ␣ ͑if ␣ӷ1͒ is not correct. The scaling behavior of our data seem to be quadratic, at least for ␣Ͼ10. Recently published results on the behavior of the interparticle force in chains as function of ␣ suggest quadratic scaling with ␣, at least for ␣ӷ1, in agree- 
We now come to the comparison between the stretching and the ͑exact͒ shearing method to determine the shear modulus ͓see Eq. ͑3.2͔͒. We have sheared the lattice in the x direction, i.e., the lattice vector k→kϩ⌬k, with ⌬k parallel to the x axis. The deformation is volume fraction preserving, and it is thus not necessary to change artificially the interchain distances. An important practical ͑computational͒ difference exists between the stretching approach of Davis and the exact calculations to obtain the shear modulus. The z axis, which is parallel to the chains, remains a fourfold ͑SC and BCT͒ or a sixfold ͑SH͒ symmetry axis when we use the stretching method. Consequently the lattice sums S lm ͓Eq. ͑2.10͔͒ with the azimuthal index not quadruple or multiple of six respectively are zero. This is not the case when we use the exact method. This results thus in a considerably larger set of linear algebraic equations which should be solved to obtain the induced dipole moments and the dielectric tensor. For this approach we therefore need much more computation time and main memory to calculate the dielectric tensor with a comparable accuracy as in the Davis approach. For this reason we have not been able to perform sufficiently accurate calculations for ␣Ͼ10 on a IBM Risc 6000 machine. However, as we discuss below, it is not always necessary to go beyond ␣ϭ10.
We discuss first briefly the results of a comparison between G s ͑͒ and G͑͒ for the SC structure. The data for ␣ϭ2 show appreciable differences; G͑͒ is approximately 30%-40% larger than G s ͑͒. Inspection of the results for ␣ϭ10 indicate that both curves tend to coincide ͑e.g., ϭ0.3: G/G s Х1.1͒. For higher values of ␣ the differences become even smaller, and the shear modulus becomes also a linear function of ͑without maximum͒. Both effects are not surprising and result from the expected dominance of intrachain interactions over interchain interactions for large relative polarizabilities. This means that the particles in the chains do not feel the presence of the other chains, and no differences appear when we stretch or shear the structure if ␣ is large. This results in a nearly linear G -relation ͑see also Bonnecaze and Brady 17 ͒. For the SH structure the values of G are nearly identical with those obtained for the SC structure, and for large relative polarizabilities both approaches to calculate the shear modulus lead to approximately equal results. In Fig. 3͑a͒ we have plotted the shear moduli as function of volume fraction for the SC, SH, and BCT structure, and in Fig. 3͑b͒ the results of G s ͑͒ and G͑͒ for the BCT structure. These results are obtained for ␣ϭ10. For convenience we have normalized the data for the shear modulus by the factor 2⑀ f ͑␤ 1 E͒
2
. From these figures we see that for low volume fractions both G s and G, calculated for the BCT lattice, show the same behavior as the shear moduli for the two other structures. For high volume fractions the exactly calculated shear modulus shows a maximum and then a sharp decrease to zero. This feature is also in contrast to the results obtained with the stretching method. To get an impression of the ␣ dependence of the shear modulus we have plotted in Fig. 4 modulus. This behavior is related to the electrostatic effects of nearly touching neighboring chains just before steric blocking of the deformation ͑caused by excluded volume effects͒. Although this effect has a purely electrostatic origin related with the appearance of competing new chain structures, and not a mechanical one because particles are still not touching, it is doubtful if this effect will ever be seen experimentally. In reality one might expect slightly different particle trajectories during deformation. This aspect will be studied in more detail when the deformation of columnar structures is studied numerically; its implications are not yet clear. The maximum and the sudden decrease of the shear modulus is not shown when the stretching method of Davis is used. The reason is that the appearance of different competing chain structures can never play a role in the stretching mechanism, thus it will then never be revealed in the values of G s near close packed volume fractions. In conclusion the comparison between the stretching and shearing method for the three structures indicates that the stretching method gives results which are correct within a margin of 10%-20%, depending on the relative polarizability ␣ and the lattice structure considered. Although the method of Davis is not exact it gives a good order estimate of the shear modulus.
Finally we have compared results for G ͑and s ͒ obtained by Bonnecaze and Brady 17 for equidistant planes of polarizable spheres, with a compact SC structure in each plane, with those calculated with our method. The deformation was in a direction perpendicular to the planes and they have studied among other things the shear modulus, the static yield stress s and the deformation corresponding to s . For low values of ␣ we see the same behavior for the shear modulus ͑denoted by G Ќ ͒ and the static yield stress ͑includ-ing a maximum near ϭ0.4͒. For increasing values of relative polarizabilities some differences arise between the data of Bonnecaze and Brady and ours, but the trend remains the same. The reason is probably that the assumption of twobody superposition for higher multipoles, which is used by Bonnecaze and Brady, fails for large values of ␣. We have presented the results of Bonnecaze and Brady for the shear modulus G BB , the static yield stress s,BB and the position of the maximum in the stress-strain relation, ␥ s,BB ϵ ␥( s,BB ͒, together with our results ͑G Ќ , s ,␥ s ͒ in Table II . We have also tabulated the values obtained for the shear modulus G ʈ for a deformation inside the compact SC layers. Quite surprisingly the shear modulus is lower for a deformation inside the compact plane than perpendicularly. Actually this anisotropy, which tends to disappear at higher values of ␣, is due to the importance of longe ranged many-body interactions between   FIG. 4 Nevertheless the claim by Davis that G is a linear function of ␣ for large ␣ is incorrect due to the lack of precision of the FEM used, but rather a quadratic function of ␣. Finally, we have shown that among the three structures studied only the BCT structure gives a maximum for the shear modulus as function of . This maximum is even very pronounced. In general max Х0.5, and beyond max the shear modulus decreases very abruptly to zero. This latter effect necessitates a more detailed study of deformation of columnar structures with a BCT structure inside the columns.
V. THE STATIC YIELD STRESS AS A FUNCTION OF DENSITY
The maximum stress in the stress-strain curve is usually denoted by s , the static yield stress. The static yield stress corresponds in general to the minimum stress needed to destroy the chainlike or columnlike structures arising in ER fluids. For periodic lattice structures the notion of destroying the structure by applying a larger stress than s seems not a very useful one, because the stress-strain curve is a periodic function of ␥. However, the idea of static yield stress still makes sense because it defines a stress above which the periodic array should behave fluidlike whereas it remains solidlike below. For obtaining the yield stresses we have proceeded in the same way as in the previous section. First we have calculated the dielectric tensor, and then the stressstrain curves for the three arrays. Most of the calculations have been performed by starting with the initial configuration ͑SC, SH or BCT͒, and then tilting the lattice vector k in many consecutive small steps in the x direction. The stressstrain curves are then finally obtained by a numerical evaluation of Eq. ͑3.1͒. We have considered stress-strain relations for relative polarizabilities ␣͕2,4,6,8,10,20,50͖. We have also carried out some calculations with the lattice vector k tilted along the bisector of the lattice vectors i and j ͑␣͕2,4,6,8,10͖͒.
Consider the SC structure with interparticle separation 2a in the z direction, and R in the x and y direction. The volume fraction of particles in such an array can be derived straightforwardly, ϭ 2 3 (a/R) 2 . When we tilt the lattice vector k in an arbitrary direction we obtain a triclinic Bravais lattice, and if the deformation is large enough one might recover the initial configuration. The corresponding deformation is denoted by ␥ m , and when we tilt the lattice vector k parallel with the x axis we obtain ␥ m ϭ ͱ/(6). Using symmetry arguments it is easy to see that we have to consider the range 0р␥Ͻ 1 2 ␥ m only. The numerically obtained results for s are very accurate if ␣р20, and the inaccuracy of the data for ␣ϭ50 is less than 1% ͑the data for G are then much less accurate than those for s because of the difficulty to calculate accurately the slope of the stress-strain curve for small deformations where the particles in the chains are nearly touching͒. The yield stress proved to be an increasing and nonlinear function of for ␣р20, and no maximum appears. The deviation of s from linear behavior is large for small values of ␣ and the linear regime is reached if ␣Х50 ͑see Fig. 5͒ . It is reasonable to expect also the linearity of s as a function of when ␣Ͼ50, although we did not examine this numerically. Such behavior is confirmed by Bonnecaze and Brady for an array of conducting spheres, although they performed calculations for another lattice structure. 17 The reason for the appearance of the linear regime is, as discussed shortly in Sec. IV, the dominance of intrachain over interchain interactions, especially for large ␣. The deformation ␥ s ϭ␥͑ s ͒, scaled by ␥ m , decreases with increasing volume fraction if ␣р10, but seems to be practically independent of if ␣Х50. We may expect that ␥ s is approximately constant for ␣Ͼ50, and that its value tends to zero when ␣→ϱ. This can be explained by the infinite restoring forces between touching conducting spheres which inhibit any deformation of the structure.
The results for s and ␥ s of the SH structure are comparable with those of the SC structure. The main difference is that this structure allows higher volume fractions to occur. We do not discuss these results in detail, but we emphasize that s is also for the SH array an increasing function of with some saturation for small values of ␣.
The BCT structure turns out to be the most interesting one. The static yield stress shows a sharp maximum, and a strong decrease to zero beyond that maximum. This is a re- The lattice vector k is again tilted along the x direction. In Fig. 6 we have plotted several values of s as a function of for ␣͕10,20,50͖. The accuracy estimates are the same as those for the SC structure, i.e., convergence for ␣р20 and 1% accuracy for ␣ϭ50. We see the existence of a pronounced maximum for the static yield stress. The maximum shifts to larger values of if ␣ increases. In the case of ␣ϭ50 we clearly distinguish a region ͑0ϽϽ0.4͒ where the static yield stress is a linear function of . We expect that for higher values of ␣ the linear regime will increase, but the maximum remains, even in the limit ␣→ϱ. In Fig. 7 we have plotted ␥ s as function of volume fraction. This function shows also a sharp decrease to zero for increasing volume fractions, indicating strong influence of electrostatic interactions of nearby chains and of the appearance of new chain structures. It might be expected that in our model both s and ␥ s will approach zero if the close packed structure is approached ͑ϭ2/9͒.
A comparison of the static yield stress for the three arrays show that for small values of ␣͑р5͒ the static yield stress is a nonlinear function of for the SC and SH structure, and they also differ slightly from each other. Both differ appreciably from s obtained for the BCT structure for these values of ␣. The latter is practically linear for р0.25. If we compare the results for ␣ϭ10 we see that s for the SC and SH structure do not differ much, and up to ϭ0.4 the static yield stress for the BCT structure is practically equal to those of the SC and SH structures and resembles the behavior of the shear modulus, as plotted in Fig. 3͑a͒ , for higher volume fractions. When ␣ӷ50 it is easy to interpolate the results for ␣ϭ50 presented in Fig. 6 to get an impression of s ͑͒, with the maximum for the BCT structure and without it for the SC and SH structure. The main difference with Fig. 6 is a rescaling of the vertical axis when ␣ becomes larger.
Finally we discuss shortly deformations along the bisector of the lattice vectors i and j for the three arrays. For such a deformation we expect the largest differences in comparison with the previously discussed results. We have performed some preliminary calculations with deformations in arbitrary directions which confirmed this assumption. The calculated shear moduli for deformation along the bisector, using the exact method discussed in Sec. IV, are exactly equal to those obtained for shearing in the x direction for both the SC, SH, and BCT structure. From this observation we may conclude that the shear modulus G is independent of the direction of deformation. This might also be expected beforehand from the symmetry properties of these lattices, because k͑␥ϭ0͒ is parallel to the fourfold ͑SC, BCT͒ or sixfold ͑SH͒ symmetry axis. The symmetry argument is not valid for the yield stress because s is related with some finite deformation of the lattice. Consequently the symmetry axis has disappeared. However, the results for the static yield stress do not differ appreciably from those obtained previously for shearing in the x direction. We have tabulated some data for the SC and BCT structure in Tables III and IV, respectively. For the SC structure we see that the static yield stress is slightly higher for deformation along the bisector, also ␥ s is then higher. Obviously, the linear regime in the stress-strain curve for small deformations is larger, which is especially clear for small values of ␣. For small deformations the other chains have now less influence on the static yield stress then by shearing in the x direction, because neighboring chains in the direction of shearing are farther away. In the case of the BCT structure we see the reverse effect. The static yield stress is lower, and related with it we have a lower value of ␥ s . This can be understood by considering that the interchain distance in the direction of shearing is now smaller than in the case of a deformation along the x axis.
VI. THE RELATIVE STRENGTH OF SINGLE VS DOUBLE CHAINS
As a first step towards an investigation of more realistic structures, for example the columnar structures found in experiments, we have replaced the single chains on the 2D square array by double chains. The lattice parameters are so much relaxed that the volume fraction is equal for both lattice structures. The arguments to compare these two simple structures are to show that the shear moduli and yield stresses of both structures do not differ appreciably, and to resolve the dispute on the relative strength of these chain structures. An important property of the double chain structure is its inherent electrostatic stability during affine deformations.
In order to perform the numerical calculations to obtain the shear modulus and static yield stress for double chains on a 2D array it is necessary to modify the set of linear Eqs. ͑2.4͒ and ͑2.5͒ presented in Sec. II. The main modification is putting a second particle in the unit cell, i.e., the so-called quasi-one-particle problem becomes a quasi-two-particle problem, resulting in a more complex set of algebraic equations and an increase of computational cost. The unit vectors for the SC lattice are iϭRê x , jϭRê y , and kϭ2aê z . The first particle is then put in the origin and the second one at the lattice site ͕a)ê x ,0,aê z ͖, resulting in two joined chains with one chain replaced one particle radius in the z direction with respect to the other chain. The deformation of this periodic structure is in the plane of the two touching chains, i.e., in the x direction. The particle trajectories are then constrained in such way that during the deformation the touching particles from the two joining chains remain touched and stay in the xz plane. This results in a downward motion of the second particle when the lattice is tilted in the positive x direction. The tilted double chain structure is then electrostatically stable.
We have calculated the shear modulus G for ␣ϭ10 and the static yield stress for ␣͕10,50͖ for three volume fractions, ϭ0.05, 0.1, and 0.25. The results are summarized in Table V . As discussed in Sec. IV we might expect that the intrachain interactions are most significant, especially for ϭ0.05. From these results, based on calculations including many higher order multipole moments ͑up to Lϭ31͒, we can conclude that the single chain structure is stronger than the double chain structure. This is in agreement with data from Kraynik et al., 43 but it is, rather surprisingly, in contrast with recently reported results by Gulley and Tao who have compared the relative strength of double to single chains. 44 They have claimed that the double chains should be stronger than the single chains, and have based their claim on a dipolar approximation of the electrostatic interactions among the particles in the chains. In Table V we also give the shear modulus and static yield stress obtained with the dipolar ap- proach ͑using Lϭ1͒. These data confirm the conclusion of Gulley and Tao for ␣ϭ50. For ␣ϭ10 the dipolar approach gives a yield stress for the double chain structure which is lower than the yield stress for the single chain structure, but the shear modulus for the double chain structure is larger than for the single chain structure when ϭ0.25. In the multipolar approach the yield stresses and shear moduli are always larger for the single chain structure. This kind of structures, including also triple chains and more complex columnar structures, are important in the study of the response of ER or MR fluids undergoing shear. The results presented in this section suggest that the deformation of these structures, or even rupture, should be studied with an approach with which one is able to include the many body interactions correctly. A dipolar approximation can lead to wrong conclusions and is in our view not reliable when applied to this kind of problems.
VII. DISCUSSION AND CONCLUSIONS
The presented method to calculate electrostatic interactions has shown to be suitable to study several properties of arrays of polarizable spheres. However, to study more realistic ER or MR fluids it is necessary to study the deformation of columnarlike structures, and a study of rupture of aggregates of polarizable spheres. In our view a multipolar approach is indispensible for this kind of studies because lubricationlike techniques are not appropriate to study rupture of aggregates, and the method employed by Anderson seems to produce too large results for yield stresses for lattice structures with intermediate and low relative polarizabilities ͑␣р100͒. We have not been able to present accurate results for high relative polarizabilities yet or for the case of conducting spheres. For such systems a multipolar approach is not always very effective. Another approach is the use of the dipole approximation. This method often gives a good physical insight when chain or lattice structures are studied, but this is doubtful when more complex structures are studied. The main disadvantage of a multipolar approach is its mathematical complexity and complicated numerical implementation. This explains the general reluctance in developing such a technique for this kind of problems.
The necessity to use in certain cases the multipolar approach can be illustrated by comparison with some data obtained by Anderson. 29 Anderson calculated the shear modulus, normalized to the liquid phase dielectric constant, for chains on a square array in order to make a comparison with results of Davis. 26 Davis reported a value of 435 Pa for the shear modulus for ␣ϭ25 ͑ϭ0.2, Eϭ2ϫ10 6 V/m͒. For the same conditions Anderson obtained Gϭ520 Pa. The multipolar approach gives a much larger value, Gϭ945 Pa ͑see Table I͒ . It is interesting to note that our data for the shear modulus for the range 0р␣р100 shows quadratic scaling in ␣ as predicted by Anderson ͑see Fig. 2 and Table I͒ . The values for the static yield stress found with the method of Anderson are systematically larger than those calculated with our multipolar approach which might partly be due to critical differences in the electrostatics related with the configuration of the spheres. Anderson assumed that the particles in the tilted chains ͑with a fixed angle of inclination͒ are always nearly touching and argued that this approach yields a maximum value for the static yield stress. Such a deformation cannot be affine unless interchain distances become larger. Our calculations are for affine deformations only and consequently the interparticle gaps are larger; in this specific case the ratio of the gap between the spheres and the sphere diameter is roughly 0.06 where it is 0.002-0.004 in the study of Fig. 5͒ are three to four times too large, and the discrepancy grows when ␣ becomes smaller. Their comparison with experimental data from Garino et al. 45 show the same kind of discrepancy, but such a comparison is probably even more difficult. In our opinion the method of Anderson provides us with a technique able to predict the right order of magnitude of the shear modulus, yield stress, etc., but a better comparison of the results of the yield stress s and ␥ s ϭ␥( s ) for periodic arrays and arrays of columnar structures obtained by both methods is worthwhile. On the other hand the study of rupture in aggregates of polarizable spheres, requires in our view a multipolar approach like ours.
A comparison with the dipolar approach also shows discrepancies with multipolar calculations. Results from the lit- erature indicate a substantial contribution of the quadrupolar and higher order multipole moments on the shear modulus and yield stress, even at relatively low volume fractions. Remarkable results are the saturation of the shear modulus as function of ␣ reported by Davis when only the dipolar contributions are accounted for. 26 Both from that paper and results presented in this paper show the incorrectness of such an approach. Other examples are the underestimation by the dipole approximation of the electrostatic force in chains of spheres as shown by Chen, Sprecher, and Conrad, 46 and of the yield stress and shear modulus of an ER fluid consisting of cubic particles by Ota and Miyamoto. 47 To illustrate the differences for the shear modulus and yield stress we compared results obtained with the multipolar method to those obtained with the dipolar approach ͑taking into account the set of linear equations, introduced in Sec. II, with Lϭ1͒. The results for the SC and BCT lattice, with ␣͕10,50͖, are tabulated in Tables VI and VII, respectively. The differences between the dipolar results and the multipolar results are striking. For ␣ϭ10 the static yield stress is underestimated by a factor 2-3, and it shows a weak maximum which is obviously absent for the fully converged data. The same conclusions can be drawn for the shear modulus. The differences for ␣ϭ50 are even more dramatic. For high volume fractions the yield stress is nearly an order of magnitude larger then estimated from the dipolar approximation. Also the maximum in the stress-strain curves obtained with this low order approach occurs at a much larger value of tilting, i.e., ␥͑ dip ͒Х1.5␥͑ s ͒.
Finally some conclusions. First of all we want to stress that our method allows to calculate accurately the components of the dielectric tensor, and related quantities as the shear modulus and the yield stress, of periodic arrays of polarizable particles ͑for ␣р100͒ in contrast to both the dipolar approach and lubricationlike techniques. A striking difference between the dipolar approach and multipolar calculations can be found for the relative strength of single vs double chains. The dipolar approximation lead to the conclusion that the double chain structure is stronger than the single chain structure. However, a multipolar approach leads to the opposite conclusion. The results obtained by the method presented in this paper differ with those calculated by Anderson 29 with the Laplacian relaxation technique. This is partly due to small configurational differences, and a better comparison, based on the study of the deformation of columnar structures, seems worthwhile. We have shown that the stretching method introduced by Davis might be used to obtain an estimation of G but that FEM is not accurate enough for ␣Ͼ10. The shear moduli and yield stresses for the three lattice structures considered do not differ appreciably when high relative polarizabilities are considered. We find that the shear modulus is an increasing function of volume fraction for all ␣Ͼ1 when the SC and SH structures are considered. The shear modulus of the BCT structure shows a pronounced maximum near ϭ0.5; beyond the maximum it decreases very quickly to zero. We get the same behavior for the static yield stress. Only the BCT structure shows a maximum in the static yield stress. This maximum, for both G and s , has a pure electrostatic origin. Studies on the behavior of columnarlike structures, with internally a BCT structure, should be carried out to investigate both G and s for deformations with more emphasis on possible particle trajectories.
